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o]pii: Random walk on graphs
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Fundamental Theorem of Markov Chains
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Lazy Random Walks
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d-regular graphs (d-1ENI &)
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Lazy Random Walks
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B HETE] (mixing time)
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Mixing time (for d-regular graphs)
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Mixing time and spectral gap
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Cheeger’s inequality

5B B A RFAEAE RO %1 i3 -
1, EFNN, HBEREG IEERETAEE(i.e. FEIEERERRTE).
LAERN, BBREG BB TFEANEED (e kN AMERRBIERERERISE).
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g Perfect Matchings in d-regular Bipartite Graphs (iZ& )

Random walks can also be used to design faster algorithms.

Perfect Matchings in O(n log n) Time in Regular Bipartite Graphs, by
Goel, Kapralov, Khanna

* Traditional: find augmenting paths by e.g. BFS/DFS

* |dea: replace BFS/DFS by a random walk (on a different Eulerian
directed graph, i.e. indegree=outdegree for every vertex)

* Expected time to find an augmenting path => expected return
time of the random walk => stationary distribution value

* Open research problem: Can you extend this to non-regular
bipartite graphs?
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Expander Mixing lemma

Induced edges: E(S,T) == {(u,v):u € S,v € T,uv € E}

EIXNEN FEA B I ER s, 7, B3 EPIEEZILSWITERIR
Expander Mixing lemma

RGANNIIEMd-IENE, HikEE Na, WIHMERSs <), T <),

< av/|SIIT].

Proof: JERZEIE(S, T) = xF Axr. S xs = L awy, xr = S bivy, P (v} NBEEREMFAR—HIERZ
IERIASIEE, SOT“ ffﬂﬂ {a;).

E(S,T) = dlSn”Tl + Z a;a;b;
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Expander Mixing lemma

Intuition: Expander mixing lemma tells us that a spectral
expander looks like a random graph.

Homework: Let G be a d-regular graph with spectral radius
a. Show that the size of the maximum independent set of

G is at most %.

Use this result to conclude that the chromatic number is
at Ieast% :



Converse to Expander Mixing lemma

e Bilu and Linial
e Suppose that for every sc [n],T c [n]WithSNT = @, we have

< a+/|S||T]|.
Then all but the largest eigenvalue of A in absolute value is at
most O (a (1 + logg)).

E(S,T)—

d|S||T]|
n

* Based on LP duality, not very intuitive



Existence of expanders (3% i)

 Complete graphs are obviously the best expanders in
terms of “expansion” (in all three notions of
“expansion”)

 What’s interesting is the existence of sparse expanders:
e.g. d-regular expanders for constant d

* Arandom d-regular graph is a (combinatorial) expander
with high probability

 However, deterministic and explicit construction of
expanders seems to be much harder to come up with



Alon-Boppana Bound (&)

* For d-regular graphs, how small can the spectral radius be?
 Ramanujan graphs: graphs whose spectral radius are at

most 2vd — 1

Alon-Boppana Bound

Let G be a d-regular graph with n vertices, and «, be the

second largest eigenvalue of its adjacency matrix. Then

WA= T-1
@y 2 2Vd =1~ /2]



Alon-Boppana Bound (&)

An easy lower bound on spectral radius

Let G be a d-regular graph with n vertices, and « be its spectral
radius. Then «>va. |~

Proof: Consider Tr(A4%). Counting length-2 walks we have
Tr(A%) = nd
On the other hand, Tr(42) = Y, a7 < d? + (n — 1)a?.

Combined, we have a > Vd - /%

For the Alon-Boppana bound, one may consider Tr(AZk).

Trace method/trick




Random walks in expanders (i%& )

logn
5 ) for a = ed.
1—€

Perhaps surprisingly, not just the final vertex is close to the
uniform distribution, but the entire sequence of walks looks like
a sequence of independent samples for many applications.

We knew that it mixes rapidly, in time O (

In fact, expander random walks can fool many test functions:

— Expander random walks: a Fourier-analytic approach, by Cohen, Peri
and Ta-Shma



