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?l*?f,: Von-Neumann Minimax Theorem

Von-Neumann Minimax Theorem.

max min x’ Ay = min max x” Ay
XEA™ ye ATl YEAT xeA™
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max t min r
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Equality follows directly from strong duality!




Strong duality theorem
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Separation theorem

‘LB . Separation theorem

EN: —PNMEAS, tEXvx,y € S,Va € [0,1]#H ax +
(1—a)y €S, )r'lJ%/J\Sjjlﬂlé'é(convex set)

EX: MRS ATA 1) A AR IR A SR, WFREE G S
NI (closed set)

BE— NN ES C R, FESIISvES.
Iw € R™ {E18(w, v) > (w, x) X{E=x € ST



Separation theorem

BE—THFIINESC R, MESH IS e S,
Jw € R™ {F18(w, v) > (w, x) JHE=Ex € SFIL
WERB(sketch): FREIME—Mx, € 5, 15 5vixicin

1. TZ1EME: BT SRIFE, HWeierstrass B, 1 &nH K v LAESFEZ
o B RRARA A, BRI R, Reb5vEilEa
3. xNEFINRZERXEYx € S, (x —x,,v—x,) <0
EEy=>0-t)x,+txeS, N
ly = vll5 = llx. —v — t(x. — x)|I5
= |lv — x5 — 2t{x — x,, v — x,) + t%||x — x.||3

xNARBINRS —2t(x — x,, v —x,) + t2|lx —x.|[5=0, Vx,t >0
S 2llx —xll3 = (x —x,v—x.), Vx,t>0
0> (e—x,v—x,), Vx

Sw=v-x, Hllv-xl5>08% (v,v —x.) > (x, v —x,), FHM(v,w) > (x,w)
B—HmE, o girHve e S, (x —x,v—x.)<0
XERE (v —x.) < {(x.,v—2x.) Bl0,w) < {(x,w), Kiv,w)> (x,w)=>{(x,w),VxeS



Farkas Lemma

Ax = b,x = OEBRHEBNIEFE Yy F18y"A=2 0B y"'b <0

iEHé: (<=)ANRIXFER] y I27E, BRTLM, HyTAx = 05yTh <0
)

(=>)Ef& S = {Ax:x = 0}. SEEHIMIMEE. LMEERED ¢ 5.
EElSeparatlon theorem, fF1Fw € R™ {H18(w, b) > (w, s) SHE=s € S
iz, &y =—w, WEH y'bh < yTAx,Vx = 0

BFoesS, FHiky'b<0

B5—FHmE, y'A >0, BT Ex > 0FE yTax = -0, 5
yTb < yTAx%JE




Strong LP duality
[RiZprimalfdual LPERZAERI1THE, NI IRISRITEEZE

UEBA:
max {c, x) min (b, y)
Ax =b ylA=c
x = 0.

REFENFRH, 18 primalffJobjective’/NT-t, Mdual objectivett./NT-t

“primal objective/NTt”7 ARG 1] LLESKLP

(c,x)—s=t
Ax =Db [ —0](
x=0,s

IV\/

x>0,s=>0

XA s A 24 HAY “primal objective K T35 T+t
XA s F 7 FEH T 2 HAN Y “primal objective/T-t”



Strong LP duality

{Rigprimalfldual LPERFEERI1TRE, WS INRIILHBESE
WFBH(cont’d): FHFarkas lemma

[CT —1] (5) N (t) TESBENSFE y, 2 (£15 O 2 [cT , —1] =0
¥20520 ¢a Z)(t)<0

HlyTA +zc? =20, —z=0,y'b+2t <0
%Ez=0, WAHyTA>0,yTh <0, primal not feasible;

1
8z #0, )K'Uﬁ_izyTA > (T, _iZyTb <t, [k JH:_—Z yT Adual
LPR AR ATRE, HHEMRREE< t.
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EYE EET

BiEm
- FEHMES
— FAEKAR: ik, R RERE, FWE
— AP B AEA: RE AT
— Chebyshevi&{&
— Chebyshev % I X,: ALK R
— RFFNE LR EAREK. TR TR AL
— Rk JUMMIES, MRS
— EEX4LiTAE: Gram—Schmidt
- EXZAPHRID_FE: ALK, FFEN
— 2R SR AMERT, EXHEFFTH &
o SFIEA GHREMGFA (BREAREFT &)
« AN E &KX
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TRAE IR
- HE5ME
.« AR FEAUEEA (RERETTE)
— KB FAZA——— AR F AR

— RREGMHGTAEAAGER T E—FIH L pivoting

— EHENETRE: EAEHERANKENKE
- SEFAZEG TR (GLE: RAGHEMN)

— RRREMFAEEEEXRFE: Jacobi, Gauss—Seidel, Richardson, Conjugate-—

gradient
— SR ERTAE: EFE
— 4 iE{EHImin—-maxZ| & (Courant—Fischer)
— EMHEHZAXN: KE%NKFTAE, Cayley—Hamilton,

FIEMEZRAX, FEN

— 1‘]’%’%&’@. 54ir@ 2. Singular value decomposition (SVD)

-a%%%&&ﬂm
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RIRE
- FEHMES
o SFIEA GHREMGFA (BREAREFT &)
- B ey A: BMERB T (BHER) , RED>H (HiEm
) , mixing time (&% /%) Lspectral gap
— LR kR&: EEAz®, Ak, RT4; Pagerank

— BayiEEA: BEEMERE, HEEA. a9 5RWEELH, BL
e AL 35 A 63 AT
—%%%%W%:ﬁ%ﬁﬁﬁﬁﬁﬁﬁ,%ﬁ%m,%%%,%ﬁ%m
— hitting time: FE LA ER P HZAL2H, cover time
— Spectral embedding: 1# A4FiEqEstiT “HN”
« MG &KX
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« MG &K MHEAX]
— L&PEALR] 69 TS B A X
— BH K EAR 5T
— LPAY TR & FRAR] 09 R S5 RGP R AL R
—Dual ity GH4&1E) : 2% 5 B%, Min-max T E 53150, 484
AL, Bt HR, FH LM
— * (ELERIK[A)RIS Multiplicative weight update: LP5 minimaxiE #
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What we did not cover (in detail)

* Expander codes

— Further reading: Essential coding theory by V. Guruswami, A. Rudra, M. Sudan
* Low rank matrix approximation (via SVD)

— Compression

— De-noising

— Matrix completion

— Further reading: Algorithmic Aspects of Machine Learning by Ankur Moitra; A simpler
approach to matrix completion by Ben Recht

* Generalizations of Cheeger’s inequality
— Further reading: Eigenvalues and polynomials by Lap Chi Lau
* Graph sparsification
— Further reading: Lx=b by Nisheeth Vishnoi
* Markov chain Monte Carlo and high dimensional integral

— Further reading: Techniques in Optimization and Sampling by Yin Tat Lee and Santosh
Vempala

— The Markov Chain Monte Carlo Revolution by Persi Diaconis, and the references therein
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https://math.uchicago.edu/~shmuel/Network-course-readings/MCMCRev.pdf

